Abstract. Some oscillation criteria are presented for the second-order nonlinear neutral differential equations of mixed type
Introduction. This paper concerned with the oscillatory behavior of second-order nonlinear neutral differential equation of mixed type [(x(t) + p 1 x(t − τ 1 ) + p 2 x(t + τ 2 ))
α ] ′′ = q 1 (t)x β (t−σ 1 )+q 2 (t)x γ (t+σ 2 ), t ≥ t 0 . Neutral functional differential equations have numerous applications in electric networks. For instance, they are frequently used for the study of distribution networks containing lossless transmission lines which rise in high speed computers where the lossless transmission lines are used to interconnect switching circuits; see [13, 15] .
In recent years, many results have been obtained on oscillation of different classes of functional differential equations, we refer the reader to the papers [1-12, 14, 16-20] and the references cited therein. Philos [17] established some Philos-type oscillation criteria for the second-order linear differential equation
(r(t)x(t)) ′ + q(t)x(t) = 0, t ≥ t 0 .
(1.2)
In [7] , the authors gave some sufficient conditions for oscillation of all solutions of second-order half-linear differential equation
by employing a Riccati substitution technique.
Some oscillation criteria for the following second-order quasilinear neutral differential equation ( r(t)|z ′γ−1 z ′ (t) ) ′γ−1 x(σ(t)) = 0, (1.4) for z(t) = x(t) + p(t)x(τ (t)), t ≥ t 0 were obtained by [9, 15] .
However, there are few results regarding the oscillatory properties of neutral differential equations with mixed arguments . In [5, 14, 19] , the authors established some oscillation criteria for the following mixed neutral
with q 1 and q 2 are nonnegative real valued functions. Grace [11] obtained some oscillation theorems for the odd order neutral differential equation
where n ≥ 1 is odd. Grace [12] and Yan [21] obtained several sufficient conditions for the oscillation of solutions of higher-order neutral functional differential equation of the form
where q and Q are nonnegative real constants.
Clearly, equations (1.5) and (1.6) when n=2, are special case of equation (1.1). Motivated by the above observation in this paper we study the oscillatory behavior of equation (1.1). The results obtained here generalize and complement to the results given in [5, 11, 12, 14, 19, 21] . Examples are provided to illustrate the main results.
In the sequel, when we write a functional inequality without specifying its domain of validity and we assume that it holds for all sufficiently large t.
Main Results.
In this section we establish oscillation criteria for the equation (1.1). We begin with two lemmas which will be used to prove the main results.
Lemma 1. Assume that 0 < γ ≤ 1, and
Lemma 2. Assume that γ ≥ 1, and
2)
The proofs of Lemmas 1 and 2 may be found in [14, 19] . 
then the differential inequality
where R(t) is a continuous function, has no eventually positive increasing solution.
Proof. Let y(t) be an eventually positive increasing solution of
Integrating the last inequality from t−σ +1
to t we obtain
Again integrating the last inequality from t 0 to t, we get
Letting t → ∞, we see that
which contradicts (2.3). This completes the proof of the Lemma. 
4)
has no eventually positive decreasing solution.
Proof. Let y(t) be an eventually positive decreasing solution of
Integrating the last inequality from t to t + σ, we get
Again integrating from t 0 to t, we get
which is a contradiction to (2.4) . This completes the proof.
Now, we present oscillation criteria for the equation (1.1). For simplicity we introduce the following notations throughout this paper without further
has no positive increasing solution, and the differential inequality 
and
we have z(t) > 0, y(t) > 0 and
Then z ′ (t) is of one sign, eventually. On the otherhand,
Using the inequality (2.1), we have
Therefore,
Similarly, we obtain
Thus from (2.6), we have
In the following we consider two cases:
, we see
Applying the monotonicity of z, we get
Combining the last two inequalities, we obtain
Therefore, y is a positive increasing solution of the differential inequality
a contradiction to (2.5a).
Therefore, y is a positive decreasing solution of the differential inequality
which contradicts (2.5b).
This completes the proof of the theorem.
Suppose that for i = 1, 2 there exist functions
such that
If the first order differential inequality
has no eventually negative solution for i = 1, and has no eventually positive Let b 2 (t) = y ′ (t) + a 2 (t)y(t + β 2 ). Since y > 0 and y ′ > 0 we have
Using (2.10) and (2.11), we get
Therefore V (t) is a positive solution of the inequality (2.12) for i = 2, which is a contradiction.
Case 2:
Assume that z ′ (t) < 0. Then clearly y ′ (t) < 0. As in the Case 2 of Theorem 2.1, we find that y is a positive decreasing solution of inequality (2.9).
Using (2.10) and (2.11), we have
Therefore V (t) is a negative solution of the inequality (2.12) for i = 1, which is a contradiction and the proof of the theorem is complete. 
14)
. It is clear that z(t) > 0, y(t) > 0, and
Therefore z ′ (t) is of one sign, eventually. On the otherhand
Using the inequality (2.2), we have
Similarly we obtain
Thus from (2.16), (2.17) and (2.18), we have
In the following, we consider two cases:
In view of (2.19), we see that
Applying the monotonicity of z, we find that
Therefore y is a positive increasing solution of the differential inequality
which contradicts (2.13a).
Case 2:
Assume that z ′ (t) < 0. Then y ′ (t) < 0. In view of (2.19) we see
Therefore, y(t) is a positive decreasing solution of the differential inequality
(2.27) which contradicts (2.13b). This completes the proof. 
If the first-order differential inequality Proceeding as in the proof of Theorem 2.3 we get (2.19).
In the following we consider two cases. Let b 2 (t) = y ′ (t)+a 2 (t)y(t+β 2 ). Then b 2 (t) > 0. Using (2.28) and (2.29), we obtain
is a positive solution of (2.30) for i = 2, which is a contradiction.
Assume that z ′ (t) < 0. Then clearly y ′ (t) < 0. Then, as in Case 2 of Theorem 2.3, we find that y is a positive decreasing solution of inequality (2.27). Let b 1 (t) = y ′ (t) − a 1 (t)y(t − β 1 ). Then b 1 (t) < 0. Using (2.28) and (2.29), we obtain
is a negative solution of (2.30) for i = 1.
This contradiction completes the proof of the theorem.
If the differential inequality
has no positive increasing solution, and the differential inequality Proof. Let x(t) be a nonoscillatory solution of equation (1.1). Without loss of generality, we may assume that there exists t 1 ≥ t 0 such that x(t) > 0, x(t − τ 1 ) > 0, and
Then we have z(t) > 0, y(t) > 0, and
Thus z ′ (t) is of one sign eventually. On the otherhand
(2.35)
Similarly using the inequality (2.2), and using the fact p 1 ≤ 1, p 2 ≤ 1, 0 < β ≤ 1 and γ ≥ 1, we have
Thus from (2.35), we obtain
Now we consider the following two cases:
In view of (2.36), we see that
Applying the monotonicity of z(t), we get
Therefore we see that y(t) is a positive increasing solution of the inequality (2.33), which is a contradiction.
Therefore, we see that y(t) is a positive decreasing solution of the inequality (2.34), which is a contradiction. This completes the proof of the theorem.
From the Lemmas 3 and 4 and the Theorem 2.5 we have the following corollary. 
it is clear that z(t) > 0, y(t) > 0, and
Therefore z ′ (t) is of one sign eventually. On the otherhand
(2.41)
Using the inequality (2.2) and the fact
we get
Similarly using the inequality (2.1) and the fact p 1 ≥ 1, p 2 ≥ 1, β ≥ 1, and 0 < γ ≤ 1, we get
≥ Q 2 (t)z γ /α (t + σ 2 ). In view of (2.42), we see that y ′′ (t) ≥ Q 2 (t)z γ /α (t + σ 2 ).
≤ pz(t + τ 2 + σ 2 ).
Therefore y(t) is a positive increasing solution of the inequality (2.39), which is a contradiction.
Case 2 Assume that z ′ (t) < 0 for all t ≥ t 1 . Then y ′ (t) < 0 for all t ≥ t 1 .
In view of (2.42), we see that
Therefore, we see that y(t) is a positive decreasing solution of the inequality (2.40), which is a contradiction. This completes the proof of the theorem. Here p 1 = 2, p 2 = 3, τ 1 = 1, τ 2 = 2, σ 1 = 3, σ 2 = 5, α = β = γ = 3, q 1 (t) = (t + 1) 2 , q 2 (t) = t, Q 1 (t) = t 2 and Q 2 (t) = t − 
